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Consider any 6197 or fewer points in the plane, and create a graph with this
vertex set by considering a pair of those points to be adjacent if and only if their
distance is exactly 1. It is shown that the vertices of the resulting graph can be
properly 6-colored.  1998 Academic Press
Consider R2=R_R with the Euclidean distance metric d. Let (R2, 1)
denote the infinite graph with vertex set R2 where vertices P, Q are adja-
cent if and only if d(P, Q)=1. A finite graph is called a unit-distance graph
if it is isomorphic to a finite induced subgraph of (R2, 1). It is known [3]
that the chromatic number /(R2, 1) equals the maximum chromatic num-
ber over all finite unit-distance graphs. It is known that 4/(R2, 1)7,
because the unit-distance Moser graph shown in Fig. 1 is not 3-colorable
[5] and because it is not hard to use a regular hexagonal tiling of the plane
to construct a proper 7-coloring of (R2, 1) [4]. For a survey concerning
the unit-distance graph problem, see [1]. The present report consists of
progress concerning the upper bound /7, showing that if a 7-chromatic
unit-distance graph exists then it must be quite large, having more than
6197 vertices.
FIG. 1. The Moser graph, a 4-chromatic unit-distance graph.
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The technique used here is to construct a 7-coloring of (R2, 1) which is
‘‘nearly’’ proper in the sense that adjacent vertices of the same color are
consistently the same one color, that color used only in a portion of the
plane which is small in area (by local ratio). From an equivalent perspec-
tive, a proper 6-coloring is given for ‘‘nearly’’ all of (R2, 1), by simply omit-
ting all vertices of the troublesome color. The Pigeonhole principle is then
applied to show that the 6-coloring can be employed to properly 6-color
any unit-distance graph on 6197 or fewer vertices. The color 0 will denote
the troublesome color in the following.
A good (k+1)-coloring of a graph G=(V, E) is a coloring C : V 
[0, 1, 2, ..., k] such that C(v)=C(w)=0 whenever adjacent vertices v and
w have the same color. For example, every proper (k+1)-coloring using
colors [0, 1, 2, ..., k] is necessarily a good (k+1)-coloring. However, the
good (k+1)-colorings which we will find useful allow that vertices of color
0 be adjacent.
Lemma 1. Suppose that C is a good (k+1)-coloring of (R2, 1) which is
periodic in the sense that there exist constants :, ;, #>0 such that for all
(x, y) # R_R, C(x, y)=C(x, y+;)=C(x+:, y+#). Further suppose that
S=[(x, y): 0x<:, 0 y<;, C(x, y)=0] is a Riemann integrable set of
area A>0. Then given a unit distance graph G induced by fewer than :;A
points in R2, /(G)k.
Proof. Let r=W(:;A)&1X, the greatest integer strictly less than :;A,
and consider any unit-distance graph G induced by some r points. It suf-
fices to show that /(G)k. Because we can approximate A arbitrarily
closely by an overestimate provided by the combined area of internally dis-
joint rectangles covering S, there exists an integer n>0 sufficiently large
that when [0, :)_[0, ;) is partitioned into n2 many translates of
[0, :n)_[0, ;n), the number N of those translates which have nonempty
intersection with S satisfies (n2N)>r. Now consider the set T of n2 many
translates of S of the form S+(:in, ;jn) where i, j # [0, 1, 2, ..., n&1],
and consider any r points in the plane. Each is in exactly N translates from
T, so at most Nr translates from T have at least one of the r points of G
as an element. But since Nr<n2 then at least one of the n2 many translates
S+(:in, ;jn) from T has none of the r points among its elements. For
such a choice of i and j define the coloring C$ by C$(x, y)=C(x&:in,
y&;jn). Then C$ is a translate of C such that none of the given points are
of color 0 under C$. Therefore C$ restricted to V(G) is a proper k-coloring,
i.e., /(G)k. K
Toward producing a useful good 7-coloring of (R2, 1), we define two
carefully chosen constants m=2.49557 and b=0.013622, treating them as
exact values, not mere decimal estimates. In terms of m and b we define
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two particular polygons D and R as follows. D is the ‘‘diamond’’ shaped
quadrilateral with vertices at (0, \b) and (\bm, 0), noting that one of D’s
sides is along the line y=mx+b. R is the convex heptagon with vertices
at (bm, 0), (0, b), (0, .5&b), (bm, 0.5), (m&1(- m2+1&0.5&b), 0.5),
(m&1(- m2+1&0.25&b), 0.25), and (m&1(- m2+1&0.5&b), 0). See
Fig. 2 for an illustration of regions D and R. Observe that the sides of D
and R have slopes from the set [m, &m, 0, ]. It is easy to verify that R2
can be tiled with translates of D, R, and R’s horizontal reflection S, as
shown in Fig. 3. Let C be the 7-coloring of (R2, 1) shown in Fig. 3, where
the interior of each heptagon is assigned the color shown, all other points
assigned the color 0.
Lemma 2. C is a good 7-coloring of (R2, 1).
Proof. The interior of R (and therefore also the interior of any translate
of R or S) is an independent set of vertices in (R2, 1). To verify this it suf-
fices for the reader to check that every pair of vertices of R are at distance
1 or less.
In Fig. 3 consider a point P in the interior of a heptagon HP and point
Q in the interior of any heptagon HQ of the same color. It suffices to show
that d(P, Q)>1. If HP and HQ are in the same column of heptagons then
the y-coordinates of P and Q differ by more than 1, so d(P, Q)>1. If HP
and HQ are four or more columns apart then the x-coordinates of P and
Q differ by more than 1, so d(P, Q)>1. Because of the alternating pattern
of colors used in neighboring columns of heptagons and because of the
symmetries of C, it suffices to consider the case where HP and HQ are
the heptagons S1 and S2 shown in Fig. 2. These heptagons are separated by
the lines y=&mx&b and y=&mx&b+- m2+1, which are 1 unit apart,
so again d(P, Q)>1. K
FIG. 2. Regions D and R.
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FIG. 3. A good 7-coloring of (R2, 1).
Theorem 3. Every unit-distance graph on 6197 or fewer vertices is
6-colorable.
Proof. In the terminology of Lemma 1, C is a good 7-coloring which is
periodic with corresponding constants :=m&1(- m2+1&0.25&b)+
m&1(- m2+1&0.5&b) = m&1(2 - m2+1&0.75&2b) and ; = 1.5 and
#=0.75. The set S defined in Lemma 1 has area A=6b2m. Therefore by
Lemma 1 every unit-distance graph induced by fewer than :;A points in
the plane is 6-colorable. Since :;Ar6197.08 when rounded to the nearest
hundredth, the result is established. K
Theorem 4. Every unit-distance graph on 12 or fewer vertices is
4-colorable.
Proof. Let x be a point in the plane. Consider the interior C $ of a circle
of diameter 1, centered at x. Let B$ be the interior of a regular hexagon,
centered at x, with horizontal top and bottom sides that are cos % apart
where % is given by %+sin %=?6, 0%?2. Let A$ denote the intersec-
tion of B$ and C$. On p. 25 of [2], Croft showed that if translates of C$ are
placed throughout the plane centered at the points of a regular triangular
lattice in which nearest points are at distance 1+cos %, then the resulting
subset S$ of the plane has density - 3 tan(%2)$0.2293, where the set S$ is
independent in (R2, 1). By centering translates of C$ instead at the points
of a regular triangular lattice in which nearest points are at distance
0.5+0.5 cos %, it is a simple matter to show that there exist four translates
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of S$ in the plane which are pairwise disjoint, so that it is possible to
properly 4-color their union, which has density 4 - 3 tan(%2)r0.919.
Using a fifth color to color the rest of the plane, in the terminology of
Lemma 1 we have a good 5-coloring which is periodic with corresponding
constants :=(- 32)(1+cos %) and ;=1+cos % and #= 12(1+cos %). The
quantity :;A from Lemma 1 is simply the reciprocal of the density of the
set occupied by the fifth color, so :;A=1(1&4 - 3 tan(%2))r12.3, so
by Lemma 1 every unit distance graph induced by 12 or fewer points in the
plane is 4-colorable. K
A similar result can be obtained concerning 5-colorable unit-distance
graphs by starting with the proper 4-coloring of roughly the fraction 0.919
of the plane as in Theorem 4 and finding a reasonably dense independent
portion of the rest of the plane to give a fifth color, but the results are
clumsy and not too impressive.
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